it is well-known that each solution of the equation (1) y" + p(x)2y = 0 (x 5; 0)
has infinitely many zeros, only finitely many on each interval [0, Xo]; also, |y| is bounded and the values of |y(x)| at successive maxima form a descending sequence. However, it does not follow from (Hi) that (2) lim y(x) = 0 X-* 00
(cf. Galbraith, McShane and Parrish, [3] ). The purpose of this note is to find hypotheses which, added to (Hi), insure that (2) holds. Roughly, the added hypotheses are to insure that p does not do essentially all of its increasing on a set of intervals over which fp dx is small and essentially nonincreasing over a set over which that integral is large.
Theorem. Let p: [0, »)->7? satisfy (Hi) and (H2) there exists a positive e such that for every sequence (3) ai < bi < ci < a, < b2 < c, < ■ ■ ■ such that /»Cj n o,+i /. bj (4) I p(x) dx> it -e, I p(x) dx < e, I (bj -x)p(x)2 dx < e2 bj cj aj it is true that 00 (5) H [\og P(cj)-log p(b,)}= oo.
3-1
Then every solution of (1) satisfies (2) .
Suppose that (Hi) holds and that y satisfies (1). For x2:0 define
then except at the zeros of y',
From (6) and (1),
so that r is nonincreasing. If r(x)->0 as x->oo, (2) holds. We shall assume the contrary and prove that then (772) is not satisfied. Without loss of generality we may assume (9) lim rix) = 1.
X -*t8
Let e be any positive number less than 1/2, and 5 a positive number less than e/2 such that To be specific, we assume y'>0 on (ay, Oy+i); discussion of the other case requires only replacement of y by -y. By continuity, equality holds in (12) at fry and at c" so by (6) and (11)
Since r is nonincreasing and (11) holds, by (7) we have
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We integrate these over the intervals indicated and apply (13) and (10), obtaining
So the first and second estimates in (4) hold.
By (6) and (13),
while if ajgvgbj,
This last implies
Hence, by an integration by parts,
and the third estimate in (4) holds. However, by (11), (8) and (12),
so the sum in the last expression cannot exceed 1/2, and (H2) is not satisfied. From the theorem we now deduce some corollaries in which the hypotheses, though stronger, are less intricate. Then every solution of (1) tends to zero as x-> °o.
Let the sequence (3) satisfy (4) with e = min(5, l)/3. Since p is nondecreasing, from (4) we obtain picj)iaj+i -Cj) < e, Hbj+i -aj+i)2piai+i)2 < e2, whence (15) holds. So (5) holds, and (H2) is satisfied. By the theorem, the conclusion follows.
More specially, if (Hi) holds, and there is a 5>0 such that (5) holds whenever the sequence (14) satisfies it is true that p'ixs)/pixi) g Kp'ixi)/pixi).
Then every solution of (1) tends to zero as x->«>.
We may suppose 6*<1. Let the sequence (14) satisfy (15). If we define ey = 5//>(cy) we have bj < Cj -tj, bj+i < Cj + €j, and log p(cj) -log p(bj) ^ f ' [p'(x)/p(x)]dx J °j-tĵ
Hence log p(bj+i) -log p(bj) £ (1 + P)[log p(cj) -log P(bj)], and the series (5) diverges. By Corollary 1, the conclusion follows.
Corollary 2 includes the theorems by Biernacki [2] and Milloux [5] , which are somewhat too lengthy to state here. Let Xi, x2, x3 satisfy (17) with 5 = 1/477. Then
Both terms in the left member are nonnegative, so each is at most 1/2. That is,
Thus (H4) holds, and by Corollary 2 the conclusion follows. In particular, (H5) holds if p'ix)/pix)2 is nonincreasing for all x above some x. L. A. Gusarov has proved [4] that all solutions of (1) tend to zero as x-* oo under a set of hypotheses including (in our notation) (Hi) and the hypothesis that pp' is of bounded variation on some half-line [x, oo) . Under these conditions pix)p'ix) has a finite limit as x->oo, and this limit is nonnegative.
Corollary 4 includes all those examples in which the limit of pp' is positive, and some (but not all) of the examples in which the limit is 0.
Examples. If pix) =x°(a>0), p'/p2 is nonincreasing, and by the remark after Corollary 3, (H6) is satisfied. If we define exp" inductively by expi x = exp x, expn+1x = exp (exp" x), and define logrc analogously, the functions pix) =exp" x, pix) =log" (x) (ra a positive integer) have p'/p2 decreasing above a certain x, and again (H6) holds.
If p is continuous and nondecreasing and coincides with exp x at x" = log(ra/2) (ra = 
